Abstract-Self-assembly is a distributed, asynchronous mechanism that is pervasive across natural systems where hierarchical complex structures are built from the bottom-up. The lack of a centralised master plan, no external intervention, and preprogrammed interactions among entities are within its most relevant and technologically appealing properties. This paper tackles the self-assembly Wang tiles designability problem by means of artificial evolution. This research is centred in the use of tiles that are extended with rotation and probabilistic motion, and an evolutionary algorithm using the Morphological Image Analyses method as a fitness function. The obtained results support this approach as a successful engineering mechanism for the computer-aided design of self-assembled patterns.
I. INTRODUCTION Self-assembly systems are ubiquitous in nature and can be found at all scales. At the microscopic level, protein folding, lipids membranes, nucleic acid structures and other complex cell entities are well-known biological examples of self-assembly. Molecular crystals such as the crystalline form of table sugar and rock candy or colloids such as milk, butter and asphalt are everyday cases of self-assembly where molecules are kept together by interactive forces. On the other hand, swarms, school fish and solar systems are macroscopic dynamic selfassembly systems. Furthermore, information systems are yet another field where self-assembly appears as it plays an important role in novel software development techniques [1] .
Self-assembly is a distributed process that creates structures from scratch through the statistical exploration of components' aggregates without human intervention. In general, self-assembly components are autonomous, have no pre-programmed master assembly plan, and interact with their local environment and other components. Self-assembly is an autopoietic mechanism whose power, as a reusable engineering concept, lays in the fact that it is a distributed, not-necessarily synchronous, control mechanism for the bottom-up manufacture of complex systems. In nature, robustness, versatility, reversibility and mass transportation are important properties of these type of systems. The former comes from the fact that usually self-assembly systems are composed of a large number of parts that can be interchanged and replaced by one another in case one of them fails. Conversely, versatility is given by the possibilities of reconfiguring the way in which component parts relate to each other subject to, for example, attraction and repulsion forces. Marian Gheorghe is at Department of Computer Science, University of Sheffield, Sheffield, S1 4DP, UK. Email: M.Gheorghe@dcs.shef.ac.uk Although major advances in the design of systems that exhibit self-assembly properties have been reported in the literature (e.g. [2] [3] [4] ), much less has been said about the automated design of self-assembly. Continuing the research line of our previous findings [5] , the intent of this paper is to report how self-assembly takes place as the complexity of the Wang tile model increases. As the models used here are richer than the ones used in [5] we also employ a more sophisticated fitness function based on Morphological Image Analyses. The following section introduces the theoretical background. Next, the evolutionary approach is presented. Finally, experiments with results analysis and conclusions follow.
II. WANG TILES AND SELF-ASSEMBLY
Tiling theory has been widely used as a base model for many applications ranging from biology to computer science, e.g. DNA assembly [6] , networks verification [7] and graphics rendering [8] [9] to name but a few.
This theory also serves as a link between computation and self-assembly [10] . A Wang tile system is defined as a set of square coloured-edge tiles embedded into the Euclidean plane. Tiles randomly move across the surface and in case of collision they either attach to one another or bounce off. As tiles stick to each other, they aggregate in complex structures and the specific emerging shapes are said to be self-assembled. What determines whether they stick or bounce is the colour of the colliding edges and the system's temperature.
A formal definition of a set of Wang tiles T is given in equation 1. The set Σ contains a collection of labels encoding the "glue" types associated to each edge. Usually, it is also said that x i specifies a glue type represented by a colour code. Let τ be the "temperature" parameter modelling a specific kinetic energy associated to the tile set as defined in [11] . After colliding, two tiles t i , t j will self-assemble by their edges e i , e j if the glue types and strengths in those edges are compatible. The compatibility of different glue types is given by an interaction matrix which will specify for each pair of glue types/colours the strength of their bonding. If the bonding strength is greater than the temperature then the two colliding sides will bind. Hence, given a Wang tile system with a fixed τ and an interaction matrix, the goal of our approach is to design a 
set of tiles capable to self-assemble into a specific (user defined) target shape. Previous works [6] [11] [12] in Wang tiles self-assembly have used as an interaction matrix a diagonal one. In this work, we further generalise that by removing the diagonalization constraint. Table I shows a series of successive snapshots for a Wang tile system self-assembling into near square configurations. From figures (a) to (p), tiles wander across the lattice building conformations of different sizes.
III. THE GENETIC ALGORITHM FOR WANG TILES DESIGN
The objective of the genetic algorithm is to search for the best set of tiles capable of building a target structure by means of self-assembly. As in our previous work [5] , this target shape is defined as a two-dimensional square with size of ten by ten tiles.
A. Representation and Initialisation
The individuals of the population are defined as a collection of tile families. A family is a class of tiles that can be instantiated with several identical copies. These are arbitrarily initialised, i.e. each tile family is randomly assigned a colour to each of the four tiles sides. A formal definition for population and its variable-length individuals is shown below (equation 2).
δ and ϕ (population size and maximum number of families an individual contains) are fixed to all the experiments.
B. Genetic Operators and Selection Procedures
The genetic operators are one-point crossover and bitwise mutation. The crossover takes two individuals from the population Ind 1 = {T 2 }. Parents are selected for mating using roulette-wheel selection, and the GA follows a generational scheme with single individual elitism. After a new generation is built, all its individuals are mutated with bit-wise mutation. More specifically, the mutation operator takes an individual and with a given low probability randomly changes one or more colours of the tile families in the individual.
C. Evaluation
The evaluation phase consists of two stages: tiles simulation and structure comparison.
1) Simulation:
During the first stage, individuals are placed into a simulator composed by a two-dimensional square lattice. Essentially, for each tile family T i encoded by an individual an equal number of tile instances drawn from the family is placed into an empty position of the lattice. After that, tiles wander around sticking or bouncing until the simulation runs its course. There are four increasingly richer simulation environments: Model 1. When two tiles reach adjacent locations, the glue function evaluates the interaction between the colours at touching edges using a symmetric matrix M of α × α colours. If the resultant value is greater than the temperature τ (a strong interaction) both tiles self-assemble and remain in their locations; otherwise (a weak interaction) they move. For example, figure 1 shows a simulation with an interaction matrix of α = 2 and τ = 4. As it is depicted, the only way two tiles self-assemble is when black edges become adjacent as any other type of interaction is smaller than the temperature.
Model 2.
In this case, if two tiles become adjacent, they are evaluated as in the previous model. The difference with Model 1 is the introduction of a probabilistic rather than deterministic stickiness criteria: ρ. For example, in the simulation shown in figure 2 , tiles self-assemble as the sum of interactions is 6. In this case, the central tile contributes with a strong interaction and remains in its position. In contrast, side tiles might still move as their interactions are weaker. Equation 3 defines how ρ is updated for a given tile t. At the beginning, the probability of being moved is set to one and the tile is free to move on the lattice. As a tile interacts with other tiles, ρ either decreases when the tile becomes part of an aggregation, or rises when the tile leaves an aggregation. In any case, the calculation is performed in terms of the interaction value given by each edge of the tile, its neighbours and τ .
is the northern neighbour of t t 2 is the eastern neighbour of t t 3 is the southern neighbour of t t 4 is the western neighbour of t contact(t, t j ) = 1 if t is adjacent to t j 0 otherwise
i is a tile edge, e.g. the north edge is t n (3)
When a tile contributing with a weak interaction moves, a different arrangement of tiles appears and ρ is re-computed as interactions change. Figure 3 shows four alternatives in which the previous self-assembled structure could be modified. In the case of (a) and (d) the side tiles have moved away leaving a weak interaction among the remaining tiles and consequently disassembles the whole structure afterwards. Alternatively, in (b) and (c), the sum of interactions is either maintained or bigger than the original arrangement. Nevertheless, (b) and (c) show that with this model it is also possible to spin the whole structure. To make the model richer we also allow tiles to rotate. That is, once a tile moves to a new position in the lattice, a random number is obtained. If it is in the interval [−1, 0] then the tile rotates to the left, else if it is in the interval [0, 1] it rotates to the right. So, considering the orientation of the grey edge depicted in figure 4 , a tile is able to rotate 90 degrees clockwise or counter clockwise. Hence, we define Model 3 and Model 4 as the combination of the two previous models with rotation, i.e. tiles without probabilistic motion plus rotation and tiles with probabilistic motion plus rotation. Thus, the complexity of the models increases from Model 1 to Model 4. Figure 5 shows a schematic representation of the four hierarchical models. 2) Structure Comparison: After the simulation runs under Model i (i ∈ [1, 4]) for t time steps it is necessary to evaluate how close to the desired structure the self-assembling process is. In this context, two self-assembled structures are called close if they have a similar topology, arrangement and quantity of tiles. For this purpose, the Morphological Image Analysis method (MIA) was implemented as the core of the structure comparison stage. This method characterises the morphology of patterns in terms of geometrical and topological descriptors [13] . Research works belonging to the field of statistical physics [14] , cosmology [15] [16], biology [17] , seismology [18] and polymer sciences [19] have demonstrated that MIA is a robust approach to typify both 2-dimensional and 3-dimensional structures. This technique has its origins in the calculation of the so-called Minkowski functionals [20] which involves the computation of the area (A), the perimeter(U ) and Euler characteristic (χ) of a given conformation. As an illustrative example, if we consider the 2-dimensional black pixelated drawing of figure 6, then the area is the number of black pixels that make up the pattern, the perimeter is the number of lines making up the borders and the Euler is given by the connectivity of the pattern, i.e. the number of connected black pixels minus the number of completely enclosed white pixelated regions in the image. However, given that rotated occurrences of a structure could appear, e.g. horizontal strips in vertical position, we enlarged the typification method calculating the radius of gyration (Rg) about the x-axis. Thus, similarity among rotated structures are detected in terms of the moment of inertia and area around their centroidal axis.
All in all, the fitness function is defined as the morphological distance between the desired structure and those selfassembled by the tiles as shown in equation 4. is the mean value of the distances between the radius of gyration about x-axis of the target structure and the radiuses of gyration of the resulting self-assembled structures. Figure 7 shows a schematic representation of the GA. At the beginning, population is initialised with sets of randomly created tile families. Then evaluation takes place combining the simulation and structure comparison stages. Finally, crossover and mutation follows. 
IV. METHODS AND RESULTS

A. Methods
The four models defined in the previous section were used for the experiments. The simulation parameters and their values are shown in table II where t stands for the length of the simulation, τ is the temperature of the system, μ is the number of glue strengths in the interaction matrix, LDim is the lattice dimension, α is the number of colours tinging the tile edges, λ says whether or not rotation is set, and ρ determines if the tile moves with probabilistic motion. Furthermore, table III shows the interaction matrix used by the glue function. Given two colours C i and C j the interaction strength between them is stated by M [C i , C j ]. For each model, five runs with three different values of mutation probability each were run. For all experiments we fixed the population size, the maximum length of the individuals, the crossover probability, the generations number and the shape dimension. 
B. Results
The results are listed in table V. Under the Id column, M iX stands for the model type and number of experiment, e.g. M 1C is the third experiment using Model 1.
As it was expected, different models lead to different results. On the one hand, in Model 1 and Model 3 the performance of the individuals are quite similar regardless of rotation, i.e. fitness values do not go above 16. On the other hand, if the model uses probabilistic motion, there is a remarkable difference on the evolved Wang tiles depending on whether or not rotation is set. For example, with Model 2 the GA found better solutions in terms of fitness than when using Model 4. Furthermore, it is also interesting to note that if tiles rotate the GA always reaches individuals composed with the same tile family as the best solutions. Beyond the conclusions involving the fitness value, it is also part of the analysis to discern how self-assembly is achieved by the evolved individuals. At this stage, we consider how many tiles are necessary for a particular individual -under the energy table shown above and with the specified temperature -to aggregate tiles into supra-structures for the different models tested.
1) Two-tiles self-assembly:
With the best individuals of each experiment of table V, we analysed all the combinations for assembling two tiles. That is, for every pair of tiles of an individual we analyse if there are combinations of glue types/colours with a strength greater than the temperature as it is depicted in figure 8 . Fig. 8 . Self-assembling conformations involving only two tiles. Two-tiles assembly was found in some of the experiments using Model 1 and Model 3. For instance, the individuals of experiments M1A and M1B have just one tile, we call it seed tile, capable to stick with any other tile increasing in this way the chances to form small self-assembly aggregations at the beginning of the simulation. In addition, a similar behaviour is shown by the individuals of M3A, M3B and M3C. These analyses are shown in tables VI, VII, VIII and IX where each element of the first column, tiles, is the entry point in the table. The combination of N, S, E and W stands for which edges the selected tile is using for assembling, e.g. NS means that the tile assembles by north and south edges. Interestingly, in the experiments using Model 2 and Model 4, there is no possibility to generate two-tiles assemblies. That is, there are not two combinations of glue types/colours with a strength greater than the temperature in the system. Cooperation, thus, is an emergent feature of our system where more than two tiles are required to initiate self-assembly. Cooperation was recognised by Winfree and Rothemund in [12] as necessary for programmable selfassembly and it is a remarkable result that the evolutionary design of tiles presented here achieved precisely that (see below).
2) Three-tiles assembly:
For those experiments where there is no possibility to generate two-tiles assembly we consider then the possible combinations of three tiles as shown in figure 9 . Thus, the ?-tile interacts with the other two tiles attempting to attach to them and the site where tiles attach is defined as binding site. To make the analysis and characterisation of possible binding sites more tractable, we have divided the analysis into six binding site conformations accordingly to where the ?-tile could bind: the north-east, south-east, north-west, south-west, north (south) and east (west). Since more than one tile could potentially bind to a binding site conformation, for each of them we calculated its normalised average free energy (NAFE) [5] . Thus, equations 5, 6, 7 and 8 calculate the NAFE for those binding site conformations where the ?-tile binds from north-east, southeast, north-west and south-west respectively (figure 9 (a)) whilst equations 9 and 10 compute the NAFE for those where the ?-tile binds from north (south) ( figure 9 (b) ) and east (west) ( figure 9 (c) ). In these equations, G is the glue function where its arguments are tile edges, i.e. the north edge of the i-tile is t n i , and |T | is the cardinality of the family. In this way, it is possible to see which binding site conformation is in average more likely to participate in a three tiles assembly. We further partitioned the binding conformations in equivalence classes. Two binding conformations were deemed equivalent if their free energy were equal. The resulting partitions for experiments M1A, M1C, M2A, M2B, M2C, M4ABC -short for M4A, M4B and M4C -are shown in table XII.
The analysed experiments show that the total amount of conformations provided by equivalence classes with NAFE lesser or equal than τ is bigger than the quantity provided by equivalence classes with greater NAFE. In other words, conformations with NAFE smaller than τ are highly likely to participate in the self-assembly process. Therefore, we have also analysed how many and which type of these binding sites were developed among individuals across evolution. Thus, an inspection over the resulting outcome in 3) Four-tiles assembly and beyond: Further analysis shows that there are four-tiles and five-tiles cooperative behaviour that boost self-assembly as it is shown in figure 10 . These type of interactions were found in some individuals of Model 1 and Model 2. The amount of conformations for experiments M1C and M2A are listed in table XI. For instance, the former uses two cases of four-tiles cooperation and one involving five tiles whilst the latter employs in total 26 instances in case of four-tiles cooperation. As an overall conclusion, it is interesting to note that the less complex the tile model is, the smaller are the resulting aggregations as two-tiles interactions become not only common but also frequent building blocks. In contrast, experiments using tiles assisted with probabilistic motion result in bigger aggregations due to the usage of three-tiles, four-tiles and five-tiles cooperativeness. In other words, probabilistic motion necessitates intermediate building blocks, called generalised secondary structures in [21] , for adequate self-assembly to occur. Nevertheless, if we measure the length of the individuals listed in table V we can conclude that when tiles are allowed to rotate the number of families to instantiate is smaller than when tiles do not rotate. That is, the type of tiles needed to create the target shape is minimised. Thus, it seems that a conservation of complexity principle is operating whereby the richer the environment the simpler the individuals and, conversely, the simpler the environment the more complex the individuals.
V. CONCLUSIONS
This paper reported on an evolutionary approach for the automated design of self-assembling tiles. The assembly model we used is that of Wang tiles extended with probabilistic motion and rotation. Thus, substantially extending our previous work, we showed a principled analysis of the evolved tiles which explains how selfassembly is achieved. In future work we will consider the self-assembling of a variety of shapes and the possible extension of the presented models. Related works we have been working on can be find in [22] , [23] and [24] .
